Non-uniqueness of the Af 4 -vacuum 



Ralf Schiitzhold 1 '*, Ralf Kuhn 1,2 , Michael Meyer-Hermann 1 , Giinter Plunien 1 , and Gerhard Soff 1 
1 Institut fur Theoretische Physik, Technische Universitat Dresden, D-01062 Dresden, Germany 
2 Max- Planck- Institut fur Physik komplexer Systeme, 01187 Dresden, Germany 
* Electronic address : schuetz@theory.phy.tu-dresden.de 
(February 1, 2008) 



O 
O 



m 
> 
in 

ON 

o 

(N 

o 
o 
o 



Oh 



X 



We prove that the massless neutral A$ 4 -theory does not 
possess a unique vacuum. Based on the Wightman ax- 
ioms the non-existence of a state which preserves Poincare 
and scale invariance is demonstrated non-perturbatively for 
a non-vanishing self-interaction. We conclude that it is nec- 
essary to break the scale invariance in order to define a vac- 
uum state. The renormalized vacuum expectation value of 
the energy-momentum tensor is derived from the two-point 
Wightman function employing the point-splitting technique 
and its relation to the phionic and the scalar condensate is 
addressed. Possible implications to other self-interacting field 
theories and to different approaches in quantum field theory 
are pointed out. 

PACS: ll.10.Cd, ll.15.Tk, 11.30.Qc 



I. INTRODUCTION 

Various quantum field theories supposed to describe 
fundamental interactions in physics are scale invariant, 
for instance gauge field theories describing the electro- 
magnetic and the strong interaction. In many cases, how- 
ever, one may observe a scale dependence of observables, 
i.e. vacuum expectation values of suitable operators. In 
order to elucidate the origin of this scale it might be 
important to examine the corresponding vacuum states. 
The properties of the vacuum state of self-interacting the- 
ories could provide a deeper understanding of the origin 
of inherent scales. To start investigations in this direc- 
tion it seems legitimate to consider at first a simple but 
generic model scenario. As an instructive example we 
focus on the massless, neutral A$ 4 -theory 

The A$ 4 -theory was studied extensively in the frame- 
work of perturbation theory. This approach is based on 
the vacuum state of the free theory, which is scale in- 
variant in the massless case and independent of the in- 
teraction. A modification of the vacuum state due to 
symmetry breaking induced by the self-interaction is not 
attainable in perturbation theory. The ground state of 
the non-interacting Hamiltonian is unique and coincides 
with the free vacuum state. However, the interacting 
Hamiltonian does not necessarily possess a unique ground 
state and thus an analogous identification with the exact 
vacuum state of the interacting theory does not hold in 
general. In order to specify this vacuum state it is essen- 
tial to employ an appropriate non-perturbative treatment 
of the interaction. 

During the last decades non-perturbative techniques 



have become increasingly important owing to their rel- 
evance to QCD. Special attention was devoted to the 
non-trivial structure of the vacuum. Especially, there are 
indications for a vacuum degeneracy in the non-Abelian 
SU(2)-gauge theory [Q. As another example one may in- 
vestigate the non-linear Liouville model [g], which docs 
not possess a translationally invariant vacuum. 

In this paper we would like to advocate ideas along 
this line of reasonings. It is our main intention to prove a 
clear assertion concerning the vacuum state in the special 
case of the A$ 4 -theory. For this purpose we employ the 
axiomatic approach of Wightman, cf. 

This article is organized as follows: The Wightman ax- 
ioms summarized in the appendix are utilized to deduce 
a proof of the non-uniqueness of the vacuum state of the 
scale invariant Ai> 4 -theory in Section ||. In Section III 
we introduce the non-perturbative vacuum via breaking 
scale invariance and evaluate the corresponding expecta- 
tion values. Finally we address some implications of our 
results. 



II. PROOF OF NON-UNIQUENESS 

In this Section we provide a general proof for the non- 
existence of a unique vacuum in the case of the massless 
and neutral A$ -theory. For this purpose we construct 
the rather general form of the corresponding two-point 
Wightman function. Utilizing the non-linear equation of 
motion we derive expectation values of higher powers of 
the fields. If we assume that a unique vacuum exists, 
these expectation values have to vanish. In view of the 
postulated cyclicity of the vacuum (see the appendix) 
this zero results in a contradiction for the non-vanishing 
self-interaction. Consequently, a unique vacuum cannot 
exist. 



A. Classical A<3? 4 -theory 

The action of a massless neutral scalar field possessing 
a A$ 4 self-coupling is given by 



A 



(1) 



This theory exhibits two important symmetries. As every 
realistic field theory it obeys Poincare invariance 
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(2) 



On the other hand the action remains unchanged under 
transformations of the following form 



fT 1 : 



(3) 



This scale invariance of the action is a result of the dimcn- 
sionless coupling constant A. The latter property is also 
essential for the renormalizability of the corresponding 
perturbation theory. By means of Legendre transforma- 
tion we derive the Hamiltonian 



u = I ,fr [ 1 (n 2 



A 



(V$) 2 ) + -$ 



(4) 



which is non-negative for A > 0. In situations, where the 
Hamiltonian is unbounded from below - e.g. for A < 
- no ground state exists at all. As another example we 
mention the A$ 3 -theory where the occurrence of arbi- 
trarily negative energies is already present on the classi- 
cal level. As proven in Ref. JjJ, this instability persists 
for the quantized theory. In the case of the A<I> 4 -theory 
the classical ground state is (for A > 0) simply given by 
$ = 0. Turning to the quantum prescription the situa- 
tion becomes less clear. 



B. The exact quantum vacuum 

The main intention of this article is to show that the 
quantization of the A<I> 4 -theory described above is not 
unique, i.e. it does not maintain all the symmetries of 
the classical theory. In particular, the vacuum state and 
thereby the Hilbert space constructed out of it (see the 
appendix) cannot be scale invariant. In order to prove 
this assertion, we assume that a unique and hence scale 
invariant vacuum exists and show that this assumption 
leads to a contradiction. This (fictitious) state is de- 
noted by I^a) to indicate the dependence on the coupling 
strength A. 

If we assume that the vacuum would be unique, 
i.e. scale and Poincare invariant, it would remain un- 
changed by the unitary scale transformation S(Q), which 
is defined by (see Eq. (pi)) 



siny 1 $(x) s(n) = n $(x/ty . 



(5) 



i.e. S(fl) I^a) = I'J'a)- Otherwise there exists a different 
vacuum, which can be derived via S(Q) \^\). Since the 
scale transformation 5(5!) represents a symmetry of the 
classical action, the two distinct vacuum states V^a) and 
S(fl) I^a) correspond to two equivalent quantum repre- 
sentations of the classical theory in this situation. 

It should be noted here that an anomalous scale dimen- 
sion (see e.g. O]) of the fields l> - inducing a symmetry 



transformation with other powers in Q than the one in 
Eq- (||) _ already prevents the theory from being scale- 
invariant (see also Section HE). But since the proof of 
this assertion is exactly the aim of this Section we do not 
assume an anomalous scale dimension a priori. 



C. Dyson argument 

As it is well known, the necessity of introducing a scale 
already occurs within perturbation theory (renormaliza- 
tion scale) . This observation can be interpreted as a hint 
for the non-uniqueness of the quantization of the A$ 4 - 
theory. Perturbation theory is a very powerful method 
that allows the very precise calculation of many observ- 
ablcs within quantum field theory for small couplings A, 
e.g. cross sections, etc. However, properties of the exact 
vacuum state for finite values of the coupling, e.g. A = 1, 
cannot be obtained rigorously within the framework of 
perturbation theory. The main argument can be traced 
back to Dyson ]i| who applied it to QED; we shall present 
in the following a modified version of the proof regarding 
the A$ 4 -theory. 

Within perturbation theory one performs a Taylor ex- 
pansion with respect to the coupling, in our case A. Es- 
pecially, the expansion of the exact vacuum ^(A)) would 
read 



|*(A)) = £a« |* n ) 



(6) 



n=0 



The equal sign above is correct if and only if the infinite 
summation converges (to the exact quantity) . But if this 
sum converges for some non-vanishing coupling Ao then 
it converges for all (possibly complex) values of A which 
satisfy |A| < Ao as well. Accordingly, the expansion above 
describes an analytic function within the circle of conver- 
gence. But in this situation the exact vacuum could be 
analytically continued to negative values of the coupling 
A, where the Hamiltonian is (even classically) unbounded 
from below. However, in such a highly unstable scenario 
a (translationally invariant, in particular stationary) vac- 
uum cannot exist. This contradiction leads to the con- 
clusion that the Taylor expansion, i.e. the perturbative 
approach, does not represent an analytic but an asymp- 
totic expansion. 

Therefore, perturbation theory is applicable in a suf- 
ficiently small vicinity of the origin A = - but not for 
finite A such as A = 1. Consequently, the fact that the 
scale invariance is broken in perturbation theory does not 
necessarily imply that it is broken for the exact vacuum 
state corresponding to finite A. Instead one might imag- 
ine that the vacuum could be scale invariant at all fixed 
points, lets say at A = 1 and A = 0. Within perturbation 
theory one cannot exclude this possibility - instead one 
is led to search for non-perturbative methods. 
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D. Wightman function 

Poincare and scale invariance of the vacuum state im- 
pose strong restrictions on the corresponding Wightman 
functions. Due to the translational symmetry they may 
depend on the difference of the coordinates {x — x') only. 
If we restrict ourselves to a region away from the light- 
cone (x—x') 2 ^ Lorentz invariance implies, that merely 
the scalar (x — x') 2 enters the Wightman function. Tak- 
ing into account the scale invariance W(Q~ l x_, f2 -1 x') = 
Q 2 W(x, x') the two-point function has to adopt the fol- 
lowing form 



W(x,x!) = 



const 
(x - x'f 



(7) 



for (x 



7^ 0. By inspection we observe that the ac- 



tion of the d'Alembert operator □ = d^d^ on this func- 
tion yields zero. At first this holds away from the light 
cone. 

To examine additional contributions on the light cone 
such as 8[(x — x') 2 ] we investigate the Fourier transform 

W . Every positive L^-invariant distribution £ with 
support in the closed forward cone supp(£) C V+ has to 
take the form (see MM and H, Theorem IX. 33) 



C(k) = a6 4 (k) + e(k ) f i(k 2 ) 



(8) 



with a > and a positive measure /i > with supp(/^) C 
M+ . In view of the Wightman axioms the Fourier trans- 
form of the Wightman function W(k) has to be repre- 
sented by a special choice of ((k). The above theorem al- 
lows for the Kallen-Lehmann spectral representation |l(]] 
of the Wightman function 



O) 



where W !ree (x, x' , m 2 ) denotes the Wightman function 
of a free scalar field with mass m, cf. || and 0, Theo- 
rem IX. 34. The imposed scale invariance of the Wight- 
man function W(tt 2 k 2 ) = W{k 2 )/n 2 implies a = and 
n(Q 2 X) — Mx)/^ 2 - A s a consequence, if \i contributes 
for positive \ then it has to behave (for \ > 0) like 
fi(x) — b/x with b > 0. However, the resulting quantity 
C(k) = ©(&o) 0(fc 2 )6/fc 2 does not represent a well-defined 
distribution owing to the singularity at k 2 = together 
with the Heaviside step-function 0. Equivalently it does 
not possess a Fourier transform. This can easily be veri- 
fied by considering 



°Cfe^') = -6J r (e(fc )9(fc 2 )) 



-8tt& 



(x - x') 4 



(10) 



which yields for (x 



> 0. But no scale invariant 



distribution exists which generates the r.h.s. of the above 
equation when the d'Alembert operator is applied to. On 
the contrary - as we have observed in Eq. (0) - the action 



of the d'Alembert operator on the Wightman function 
yields zero - at least for (x — x') 2 0. As a result, 
the support of the measure \i can merely contain the 
point x = 0- There exists only one positive distribution 
with support at the origin - the Dirac <5-function. Ergo, 
the remaining possibility for the Fourier transform of the 
Wightman function is given by 



W(k) = e(k )5(k 2 ) - const. 



(11) 



This quantity indeed obeys scale invariance. In conclu- 
sion assuming a unique vacuum the d'Alembert operator 
acting on the Wightman function vanishes everywhere 

k 2 W(k) = Q <-> aW{x,x')=0. (12) 
and in particular on the light cone. 



E. Equation of motion 

The variation of the action SA = leads to the non- 
linear equation 



~ A ~o 
□ $ = $ J 

3! 



(13) 



The field <i>(x) is represented by an operator- valued dis- 
tribution. However, the product of two or more distribu- 
tions with the same argument, for example [5(x)] 3 is not 
well-defined in general. Consequently, the source term on 
the r.h.s. of the equation above [^(x)] 3 has at first glance 
no definite meaning. Strictly speaking, we have to define 
the non-linear source term j = □$ = — A<3? 3 /3! as a local 
operator-valued tempered distribution. By virtue of the 
equation of motion it has to obey the following relation 
under rescaling, see Eq. (||) 



siny 1 j(x)s(n) = n 3 j(x/n) 



(14) 



As already discussed in Section |H B| , the occurrence of an 
anomalous scale dimension of the fields $(x) or - more 
generally - the introduction of a renormalization scale 
A R in order to define j, i.e. j = j(A R ), violate this condi- 
tion. But in this case the proof of the non-uniqueness of 
the exact vacuum state is already complete at this stage: 
In this situation the vacuum has to depend on this renor- 
malization scale as well. Otherwise the difference of two 
source terms corresponding to different scales acting on 
the vacuum (supposed to be invariant) yields zero 



(j(A R )-j(A R ,)) |* x )=0 



(15) 



according to the equation of motion (y_3|) . With the same 
arguments as used at the end of the next Section this 
implies j(A R ) — j(A R ) = 0, which contradicts the as- 
sumption of a scale dependent source. In summary, the 
eventual necessity of introducing a renormalization scale 
in order to define j would result in a dependence of the 
vacuum on this scale. 
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F. Federbush- Johnson theorem 



As shown in Sec. II D assuming the existence of a 
unique vacuum the two-point Wightman function equals 
(up to an irrelevant pre-factor) the two-point function 
of the free field. On the other hand, we may now ex- 
ploit the following trivialization theorem, which is some- 
times called the Federbush- Johnson theorem: If the two- 
point function coincides with its free-field analogue then 
the theory is free, see [^,^-14 . 

In the following we sketch a proof of this theorem: If 
the action of the d'Alembert operator on the two-point 
Wightman function yields zero we may utilize the equa- 
tion of motion via 



3! 



0. 



(16) 



This equality holds for all x and x[ and especially for 
x = x[. Accordingly, we obtain (*a| [* 3 (s)] 2 |*a) = 0, 
which implies <& 3 (x) |\&a) = 0. The last conclusion was 
possible because the Hilbert space possesses a positive 
definite scalar product, for a Fock space with an indefinite 
metric additional considerations are necessary. 

Now we may exploit the postulated cyclicity 21 |Wa) = 
$j of the vacuum (see the appendix). This property im- 
plies that all states of the Hilbert space can be approxi- 
mated by polynomials of fields (smeared with test func- 
tions) acting on the vacuum. Utilizing analyticity argu- 
ments (theorem of identity for holomorphic functions) it 
can be shown that it is sufficient to employ test func- 
tions with support in an arbitrary small open domain 

0. This fact is known as Reeh-Schlieder theorem: 
21(0) I^a) = -£)• One consequence of this theorem is the 
fact that if a local operator annihilates the vacuum, it is 
the zero operator, cf. || and Q. As a result the annihila- 
tion of the vacuum $ 3 (x) I'J'a} = again implies <I> 3 = 0, 

1. e. a free theory. 

In a similar way one can also show that the field does 
not only satisfy the equation of motion but also the com- 
mutation relations of a free field jlS] . This can be demon- 
strated via considering the quantity 

e{x,J) = [%),%')] - (*a| [$(£),%')] |*a> (i7) 

and an argumentation similar to the one above, see |l3| ] 
and @]. 

The proof by Federbush and Johnson in Ref. jll| em- 
ploys canonical commutation relations and analyticity 
arguments but it does not refer to the Reeh-Schlieder 
property, which was established later. 

A completely different argument indicating the un- 
physical consequences of the annihilation of the vacuum 
by the source term is based on the natural assump- 
tion that the free theory should be recovered in the 



limit A — > 0. Hence, the independence of the identity 
& 3 (x) I^a) = of the coupling A is in conflict to the 
fact, that $ 3 |0) = is not valid in the non-interacting 
situation. 

In summary, these contradictions lead to two alterna- 
tives: Either the self-interaction vanishes or the vacuum 
is not unique. In the former case the vacuum is Poincare 
and scale invariant, but the theory is trivial, see e.g. p7[ . 
Assuming a non-trivial self-interacting A$ 4 -theory (lat- 
ter case) no unique vacuum exists. 



III. SYMMETRY BREAKING 

As we have shown in the previous Section a regular 
state that obeys all symmetries of the considered the- 
ory does not exist. Accordingly, the only possibility to 
define a vacuum is to break at least one of the symme- 
tries. Certainly one agrees that the Poincare invariance 
in fundamental field theories on a Minkowski space-time 
should not be broken. Without this symmetry it is by 
no means obvious how to distinguish the vacuum from 
all other states. As a consequence, we have to break the 
only symmetry left, i.e. the scale invariance. Even though 
the action exhibits no specific scale, the introduced vac- 
uum now displays a scale-dependence. We denote the 
scale of the symmetry breaking by A$ and the vacuum 
accordingly by I'J'a)- 

In the following we are going to analyze the conse- 
quences of this Ansatz. To investigate the relation of the 
vacuum state I^a) to tne ground state of the theory we 
have to evaluate the renormalized expectation value of 
the energy density, i.e. the 00-component of the energy- 
momentum tensor. In conjunction with the Wightman 
formalism it is most convenient to employ the powerful 
point-splitting renormalization technique Jig] , which is 
well-established in quantum field theory on curved space- 
times. With this tool we are able to calculate the ex- 
pectation value of the energy-momentum tensor and the 
phionic and scalar condensates. 



A. Point-splitting 

Several interesting observables, e.g. the energy- 
momentum tensor, contain two or more fields at equal 
space-time points A(x)B(x). Due to the singular char- 
acter of the product of two distributions with the same 
argument such quantities usually diverge (A{x)B{x)) = 
oo. This necessitates an appropriate regularization and 
renormalization scheme. Having at hand merely the 
Wightman functions as input information the only well- 
known procedure, which can be applied directly, is the 
point-splitting method. 

Accordingly, one at first considers the fields at distinct 
space-time points (A(x')B(x)) < oo and takes the coinci- 
dence limit afterwards - a method called point-splitting 
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regularization. In order to generate physical reasonable, 
i.e. finite (renormalized) results, those terms, which be- 
come singular in the limit x' — > x, have to be discarded. 

The physical meaning of the renormalization scheme 
described above can be understood by considering a phys- 
ical reasonable measurement process. Realistic detectors 
always produce finite results. Due to the fact, that those 
detectors are not point-like, but exhibit a finite extension 
the corresponding expectation values are finite as well. 
A linear detector (in the free field example a one-particle 
detector) can be described by the product of two fields 
smeared with the test functions F and G, see Eq. (39). 
The response of that detector is given by the (finite) 
expectation value ($(i r )$(G)). In order to consider a 
divergent expectation value - for instance ($ 2 ) - as a 
limiting case of responses of suitable detectors one may 
proceed as follows: At first the space-time supports of the 
test functions F and G shrink to non-coinciding points 
($(x)$(x')). The associated expectation value is still fi- 
nite. Then one considers the coincidence limit x — > x', 
where the expectation value diverges. Accordingly, this 
idealization of a physical detector exactly corresponds to 
the point-splitting procedure. 

The mechanism described above can be elucidated by 
a simple example. Let us consider the following Ansatz 
for the exact two-point Wightman function: 

W(x,x + Ax) = X]MAf) Ax 2n A 2n+2 

n 

+ ^6„(A F ) Ax 2n A F "+ 2 ln|Ax 2 A||. 

n 

(18) 

(For reasons of simplicity we restrict ourselves to space- 
like separations.) This expansion is correct for a suf- 
ficiently well-behaving spectral measure fj,(m ) in the 
Kallen-Lehmann representation in Eq. (^). For more 
complicated measures further terms such as In 2 \ Ax 2 A F | 
may appear and create additional singularities without 
altering the following considerations. Owing to the oc- 
currence of the logarithmic terms we had to introduce a 
scale Ap. As a variation of this scale induces a transfer 
of contributions from the b n to the a n terms these coeffi- 
cients may dependent explicitly on Ap. This scale char- 
acterizes the way of distinguishing the different contri- 
butions to the response of the detector. For the moment 
it is completely determined by the observer and should 
not be confused with the scale of symmetry breaking A$, 
which is a property of the vacuum. 

Having at hand the explicit expression for the Wight- 
man function we are now able to derive the renormalized 
expectation value of <t 2 . To this end one keeps only those 
terms of the above equation, which are finite in the coin- 
cidence limit, i.e. one obtains 



2\A F 



a (A f 



(19) 



A(x + Ax/2)B(x - Ax/2) 
^C„(Ax,A F )(6„fe, A F ) 



B. Operator product expansion 

In order to elucidate the physical meaning of the intro- 
duced scales Ap and A$ we examine their relation to an 
important and powerful tool in quantum field theory - 
the operator product expansion |l9| . Considering the ex- 
pectation value of a product of two operators at distinct 
space-time points as non-local quantity it is possible to 
perform an expansion into a sum of local operators with 
non-local coefficients 



(20) 



Within the framework of the operator product expan- 
sion Ap is denoted as the factorization scale. Considering 
the most simple example A = B = <& leads us back to 
the Wightman function in Eq. (|l8|). The operator cor- 
responding to ( Ax 2 ) n=0 = const exactly represents the 
second-order scalar condensate (<%) = ($ 2 }ren- Calcu- 
lating the expectation values of the local operators O n in 
the vacuum j 1 ^), which possesses the symmetry break- 
ing scale A$, this scale obviously enters the local quanti- 
ties (O n ) as well. By inspection we observe that for small 
distances Ax 2 A|, <C 1 the lowest-order term is most rele- 
vant. This contribution describes the short range behav- 
ior of the theory. On the other hand for large distances 
Ax 2 A|, = 0(1) higher-order contributions become more 
and more relevant. Accordingly, the long range features - 
mediated via the operators O n usually dominate in this 
situation. Evidently, the symmetry breaking scale can 
be envisaged as the natural scale of factorization, which 
distinguishes between the long and short range behavior 
A$ = Ap. 



C. Observables 

In analogy to the second-order scalar condensate 
($ 2 ) ren = do we may derive further renormalized expec- 
tation values by means of an appropriately chosen dif- 
ferential operator acting on the Wightman function in 
Eq. (|l8|). The contributions which are finite in the coin- 
cidence limit read 

(M) rea = 4A%(2a 1 + 3b 1 ). (21) 

By virtue of Poincare invariance we can deduce 

(d^dA) rea = - gilv h.%(2a x + 360 . (22) 



Utilizing the equation of motion (y_3j) we derive from 
Eq. ( pl| ) the fourth-order scalar condensate 



Note, that the renormalized expectation values may de- 
pend on the the scale Ap as well. 



$ 4 )rcn = -^At(2oi + 36l) ; 



(23) 



5 



where we have used the definition $ 4 = $ 3< I > that is con- 
sistent with the equation of motion and the Heisenberg 
representation. The factor 1/A indicates that our non- 
perturbative results cannot be obtained using elemen- 
tary perturbation theory. The expectation value of the 
Lagrangian density corresponding to the phionic conden- 
sate yields 

(£) ren = -A4(2oi + 36i). (24) 

These ingredients enable us to achieve one of our main in- 
tentions - the derivation of the energy-momentum tensor 
Tfj, u = d^d v ^ — g^y C. We observe the exact cancella- 
tion of the above contributions 

(f lu ,) tm = 0. (25) 

Note, that for deriving this equation we merely need 
Poincare invariance (together with the point-splitting 
technique) . As a counter-example one may remember the 
Casimir effect where (T o) r en < holds, even for A = 0. 

The above result indeed confirms the identification of 
the vacuum state \^x) with a ground state. Because of 
H = J (PtTqo it follows (-ff)ren = from the equation 
above. (The spectral condition explained in the appendix 
together with the scale invariance implies H re n > 0.) 
Ergo, any of the introduced vacua \^x) characterized 
by a positive value of the scale A$ may be identified 
as ground states of the theory (which are therefore not 
unique) . 

It should be emphasized, that the zero expectation 
value in Eq. ( |2q ) is rather non-trivial. Considering 
a massless scalar field with a A<I> n -coupling in a D- 
dimensional space-time one arrives at 

(TV)rcn ~ 9^Al (l - ~ + ~) . (26) 

Cancellations similar to the situation discussed above oc- 
cur exactly in those cases, where the theory is scale in- 
variant, i.e. for 2(n + D) = nD. In addition to the ab- 
sence of any mass terms the scale invariance implies a 
dimcnsionlcss coupling constant. 

IV. CONCLUSIONS 

A. Summary 

Utilizing the Wightman axioms we have shown for 
the scalar, massless, neutral, and self-interacting A < J> 4 - 
theory that no state exists, which preserves Poincare as 
well as scale invariance, i.e., all the symmetries of the 
Lagrangian. Accordingly, we are lead to introduce the 
non-perturbative vacuum state by breaking the scale in- 
variance. Consistent with the Wightman approach we 
employed the point-splitting technique, which allows for 



an explicit evaluation of renormalized expectation val- 
ues. Within this formalism we calculated the scalar as 
well as the phionic condensate. The renormalized vac- 
uum expectation value of the energy-momentum tensor 
vanishes, which implies that all vacua \^\) are ground 
states. 



B. Discussion 

Raising the question about the existence of a unique 
vacuum state in a field theory including a non-trivial in- 
teraction term we focused on the real and massless A^ 4 - 
theory. Perturbation theory is based on the vacuum of 
the free theory, which can be uniquely determined and 
coincides with the ground state of the corresponding free 
Hamiltonian. It is evident from the beginning that a 
unique vacuum state should respect all the symmetries of 
the underlying theory, i.e. that of the Lagrangian. Since 
the vacuum state is defined via the free theory in pertur- 
bation theory, this property of the vacuum is established 
by brute force and is independent of the form of the in- 
teraction term in the Lagrangian. 

In the framework of non-perturbative methods there 
is a need for the definition of a corresponding exact vac- 
uum state of the interacting theory. Naively this state 
should again respect all the symmetries of the under- 
lying Lagrangian but now incorporating the interaction 
term. The latter will in general have some impact on the 
vacuum state. As indicated below the structure of the ex- 
act vacuum state becomes rather complex in comparison 
with the free (perturbative) vacuum. 

As a generic example we checked, whether such a non- 
perturbative vacuum state can be found in the A$ 4 - 
theory. To this end we started with the definition of 
a vacuum state as a state, which preserves all the sym- 
metries of the Lagrangian: Poincare and scale invariance. 
However, it turned out that the conjectured vacuum state 
does not allow for the generation of all other states in the 
self-interacting theory by means of field operators, and 
thus it is inconsistent with the property of cyclicity of 
vacuum states. Therefore the vacuum cannot be unique. 

We conclude that the only reasonable way to define a 
vacuum of A$ 4 -theory is to break scale invariance. As 
a consequence, the vacuum state of the theory now de- 
pends on a new scale A$. We were able to interpret this 
scale in the framework of operator product expansion 
(OPE), where the expectation value of a field product 
is decomposed into a sum of products consisting of two 
parts describing the long range and short range behavior, 
respectively. Here the scale A<j> is to be identified with the 
factorization scale of OPE, i.e. with the scale separating 
the components of long and short distances. This is of 
considerable importance in theories with asymptotic free- 
dom for which the short distance dependent part may be 
calculated perturbatively. However, this is not the case 
for the A$ 4 -theory because of its QED-like asymptotic 
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behavior (Landau pole). 

Finally we were investigating possible consequences of 
the new scale A$ and its appearance in observable quan- 
tities of the A$ 4 -theory. Starting from a very general 
structure for the two-point Wightman function, we found 
that the expectation value of the energy-momentum ten- 
sor vanishes non-trivially. Non-trivially means an exact 
cancellation of the scale dependence in both terms con- 
tributing to the energy momentum tensor which occurs 
for scale invariant Lagrangians only. This zero result con- 
firms the notion of the scale dependent vacuum state as 
a ground state of the theory. 

This result may also be compared to corresponding re- 
sults obtained in the framework of perturbation theory 
and one may ask about the relation of our zero result to 
the known trace anomalies In Ref. [|TJ the fol- 

lowing expression for the trace anomaly has been derived 

<^c„ = -§(<I> 4 )rc„. (27) 

One should be aware that within renormalization theory 
perturbative results keep the same form independently 
of the momentum flow through the corresponding Feyn- 
man diagrams. Actually, in this paper we calculated the 
vacuum expectation value of the energy-momentum ten- 
sor. Owing to the translation invariance of the vacuum 
the Fourier transform of every local expectation value 
contributes only at vanishing momentum. In order to 
compare our result in Eq. (|2E|) with Eq. (|2^) we have to 
evaluate the quantities there - especially the /^-function - 
at zero momentum. Since the A<!> -theory obeys an infra- 
red fixed point (/3 = 0) our zero-result (Tff) Ien = for 
the energy-momentum tensor is in accordance with the 
calculations within perturbation theory - even though 
(3> 4 ) ren ^ 0. Nevertheless one should be careful in com- 
paring perturbative and non-perturbative results, as one 
cannot expect in general that a non-perturbative result 
has a relation to any finite order perturbative calculation. 
In addition the comparison of results obtained within dif- 
ferent renormalization procedures (i.e. dimensional and 
point-splitting) is a delicate task. 

To elucidate the properties and the complex nature 
of the non-perturbative vacuum, we may analyze this 
state by considering e.g. its content of free particles 
jV| ree . Applying this number operator to the free vac- 
uum yields zero and it diagonalizes the free Hamilto- 
nian H{\ = 0) = H flcc = J d 3 rf£ cc . The simultaneous 
ground state of all these non-negative operators N~ e e is 
unique and coincides with the free vacuum. To calcu- 
late their expectation values it is sufficient to know the 
two-point function. Owing to the deviation of the ex- 
act Wightman function of the interacting theory from 
the free (scale invariant) two-point function (as proved 
in Section ||) at least one expectation value differs from 
zero 

(^|jv£ ee |#£} >0 (28) 



indicating that the non-perturbative vacuum contains a 
non- vanishing amount of "free" scalar particles. This 
provides another hint for the non-triviality of the zero 
result in Eq. (^B|). The non-perturbative vacuum con- 
tains exactly such an amount of free particles that the 
contributions to the energy-momentum tensor of the in- 
teracting theory cancel. 

Traditional scattering theory is based on asymptoti- 
cally free particles in the in- and out-states. For energy 
ranges where (^^| A^ 100 \^x) yields significant contribu- 
tions the naive application of the above formalism is not 
obviously justified. Instead the propagation of the parti- 
cles is similar to that in a medium. 

The necessity of breaking the scale symmetry in a non- 
perturbative approach has consequences to the applica- 
tion of the path-integral formalism. The generating func- 
tional 

W[J] = J P$ cxp [i J d i x£ + J^j , (29) 

if it exists beyond perturbation theory with the usual 
regular measure T><&, is scale invariant per definition. So 
are all expectation values deduced of it. Usually these 
expectation values may be identified with the vacuum ex- 
pectation values, which are then scale invariant as well. 
But this is inconsistent with the scale dependence of the 
exact vacuum state. It follows that the usual scale in- 
variant path-integral formalism is not naively applicable 
to non-perturbative analytical calculations in the case 
of the A<E> 4 -theory. Of course, the argument presented 
above does not apply to lattice calculations where the 
lattice spacing induces a scale which may be connected 
with the intrinsic scale of the vacuum. 

In summary the results obtained so far motivate fur- 
ther examinations concerning the relation of the pre- 
sented non-perturbative approach to other formalisms. 
Furthermore, it might be interesting to extend the 
method for the explicit non-perturbative evaluation of 
expectation values - as presented in this article - to other 
observables. 



C. Outline 

We expect that the non- uniqueness of the vacuum state 
is a more general feature, which holds true in other scale 
invariant field theories as well. This may especially be the 
case for the gauge sector of QCD - a statement which is 
currently under consideration [p2[ . If so, our assertion 
may have consequences for the current efforts to find a 
treatable approach in QCD in the medium energy range 
of some GeV. 

The Lagrangian governing the dynamics of the gluons 
C = — G a G% v /A is scale invariant as the Lagrangian of 
the A<E> 4 -theory. In contrast to the latter case further 
difficulties arise. The character of this field theory as a 



7 



gauge field theory implies primary and secondary con- 
straints. The equations of motion are more involved and 
contain terms linear and quadratic in the coupling g. On 
the other hand there is an additional ST/(3)-color sym- 
metry. 

In QCD the expectation value of the Lagrangian den- 
sity of the gluonic sector (G° G^) ren represents the glu- 
onic condensate. The calculation of this quantity in anal- 
ogy to Sec. Ill C might provide some interesting insights 
owing to its considerable relevance in QCD sum rules (see 
e.g. ^3|) and more generally for OPE. 

The energy-momentum tensor of the pure gluonic sec- 
tor is traceless at the classical level. Then Poincare in- 
variancc would imply the vanishing of its renormalized 
vacuum expectation value 



(^Li^)rcn 



(30) 



Nevertheless, in analogy to the A<I> 4 -theory |2(],^lJ the 
phenomenon of a trace anomaly occurs in QCD as well 
Since the Yang-Mills theory possesses a low mo- 
mentum behavior, which is different from the A < I >4 -theory 



the arguments presented in Sec. IV B do not necessarily 
apply in this case. This may result in a non- vanishing 
expectation value. 



V. APPENDIX: THE WIGHTMAN AXIOMS 

For the free field there exist two different options to 
define the vacuum, firstly as the ground state of the 
Hamiltonian and secondly as the state which is Poincare 
invariant. For the interacting field the former possibil- 
ity does not apply in general. In the following we re- 
capitulate an axiomatic approach to quantum field the- 
ory based on the Wightman Q formalism that utilizes 
Poincare invariance. The quantum field <f> is represented 
by an operator-valued tempered distribution acting on a 
separable Hilbert space Sj. The convolution of operator- 
valued tempered distributions with smooth test functions 
of compact support yields regular operators which gener- 
ate an algebra 21. Poincare transformations are mediated 
via unitary operators U{L,a) 



UiLa)- 1 <$>{x)U{L,a) = <$>{Lx + a) . 



(31) 



The Hilbert space Sj possesses a cyclic and Poincare in- 
variant U(F, a) l^o) = l^o) state \^ ) which is called 
the vacuum. Per definition of cyclicity, all other states 
|\&) of the Hilbert space S) can be created by acting an 
appropriate functional [$] on the vacuum 



I*) =F*[$]|*„) 



(32) 



As a consequence, the expectation values of all observ- 
ables in all states can be expressed in terms of vacuum ex- 
pectation values of field operators - the Wightman func- 
tions (reconstruction theorem). In order to represent a 



realistic field theory the Wightman functions have to ful- 
fill certain properties. These axioms are presented in the 
following for the example of the two-point function for a 
neutral scalar field <&, see e.g. 



A. Definition 

To ensure the character of the quantum field as 
an operator-valued tempered distribution the two-point 
Wightman function 



W(x,x') = (* | l*o> 



(33) 



has to be a tempered bi-distribution. The property of 
neutral fields to be described by hermitian operators im- 
plies 



W*(x,x') = W(x',x). 



B. Covariance 



(34) 



In order to generate a Poincare invariant vacuum the 
Wightman functions must exhibit the same feature 



W(x, x) = W(Fx + a, Fx + a) 



(35) 



for all translations a and all rotations F of the restricted 
Lorentz group L+ = {L : deti = 1, > 0}, which con- 
tains all transformations connected continuously to the 
identity, i.e. no time and/or space inversion. Translation 
invariance implies the Wightman function to depend on 
the difference of the coordinates x — x' only. Inside of 
each light cone merely (x — x') 2 enters the Wightman 
functions due to rotational symmetry. However, they 
may differ in their values inside the future and the past 
light cone, respectively. 



C. Spectral condition 

The properties listed above allow for the Fourier trans- 
formation of the Wightman function according to 

W(x,x') =f(w^J 

d 4 kW(k) exp(-ik(x-x')) . 



(36) 

It should be stated that all considerations employ the 
Minkowski metric g^v — diag(+l, —1, —1, —1). To ensure 
the stability of the theory the support of this Fourier 
transform W(k) has to be contained in the closed forward 
cone V+ = {k : k 2 > 0, k > 0} 
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fc < -» W(k) = 

k 2 < W(fe) = . (37) 

feo is related to the energy and thus, the first condition 
ko > prevents the system from collapsing. Poincare 
symmetry implies the vanishing of the Fourier transform 
in the whole space-like region. 

D. Locality 

By means of Einstein causality space-like separated 
events cannot interfere. As a result we require the fields 
to commute at space-like distances and therefore the 
Wightman functions to be symmetric in this case 

{x-x) 2 <0 -> W(x,x') = W(x',x). (38) 

For neutral fields the Wightman functions are therefore 
completely real at space-like distances. 

E. Positivity 

Smearing the (hermitian) operator-valued distribu- 
tions $(x) with smooth test functions of compact sup- 
port G(x) one acquires regular operators 

• m./AKOOd). (39) 

The absolute value squared of an operator |$(G)| 2 = 
[$(G)] t $(G) = <I(G*)$(G) and thereby also its expec- 
tation value are non-negative. Therefore the Wightman 
functions have to obey the following positivity condition 
for all test functions G 

J d A x J tfV G* (x) W(x, x') G(x') > . (40) 

Applying the Fourier transformation on this inequality 
the positivity requirement takes the very simple form in 
terms of the Fourier transform of the Wightman function 

W(k)>0. (41) 



where A, B are operators composed out of fields. This 
property is crucial for defining the S-matrix || . The ex- 
istence of more than one translationally invariant state in 
the Hilbert space fj would imply that the cluster prop- 
erty does not hold in general. However, for operators 
associated with physically meaningful events the clus- 
ter property should remain valid, because events at large 
space-like distances are asymptotically uncorrelated. Re- 
calling the scale-dependence and thereby non-uniqueness 
of the vacuum of the considered A$ 4 -theory one is lead to 
the question whether the cluster property is satisfied in 
this case. Since the Hilbert space is constructed starting 
from the cyclic vacuum Sj(X, A$) = 2t|^) it may also 
depend on the scale. The remaining question is, whether 
different vacuum states corresponding to different scales 
belong to the same Hilbert space or not, i.e. whether 

|^>eS(A,A'*). (43) 

Indeed, it is possible that different values of the scale 
A$ correspond to distinct Hilbert spaces f)(A, A' $ ), which 
are not connected by local excitations. Such a situation, 
where different global features generate distinct Hilbert 
space representations (super-selection sectors) , occurs for 
example in field theories at different values of the temper- 
ature. If the physically realized vacuum state coincides 
with such a vacuum state - which generates a Hilbert 
space containing only one translationally invariant state 
- then the cluster property still holds. 
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F. Cluster property 

The existence of a unique translationally invariant 
state (i.e. the vacuum) |^ ) is used (cf. ||) to deduce 
the cluster property of quantum field theories 



lim (* | A(x + s)B(x') |* > 

s 2 — oo 

(*o| Mx) l*o) (*o| B(x') |* ) 



(42) 
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